In this paper we study the slope stratification on the good reduction of the type C family Shimura varieties. We show that there is an open dense subset U of the moduli space such that any point in U can be deformed to a point with a given lower admissible Newton polygon. For the Siegel moduli spaces, this is obtained by F. Oort which plays an important role in his proof of the strong Grothendieck conjecture concerning the slope stratification. We also investigate the p-divisible groups and their isogeny classes arising from the abelian varieties in question. §1. Introduction Let p be a rational prime number. Let B be a finite-dimensional division algebra over Q with a positive involution * . We consider the cases where B is either (a) a totally real field F of degree d, or (b) a totally indefinite quaternion algebra over a totally real field F of degree d. 
§1. Introduction
Let p be a rational prime number. Let B be a finite-dimensional division algebra over Q with a positive involution * . We consider the cases where B is either (a) a totally real field F of degree d, or (b) a totally indefinite quaternion algebra over a totally real field F of degree d.
Let O B be an order of B stable under the involution such that O B ⊗ Z p is a maximal order of B ⊗ Q p . Let M denote the moduli stack over F p of separably polarized abelian O B -varieties of dimension g, where g = dn in case (a) and g = 2dn in case (b) for some positive integer n. A polarized abelian O B -variety (A, λ, ι) is a polarized abelian variety (A, λ) together with a ring embedding ι : O B → End(A) such that λι(b * ) = ι(b) t λ for all b ∈ O B . For a polarized abelian O B -variety A = (A, λ, ι), the associated p-divisible group H = A[p ∞ ] with the additional structure is a quasi-polarized p-divisible O B ⊗ Z p -group (in [26] ), or a quasi-polarized BT O B ⊗ Z p -module (in [12] ). Define the (refined) Newton polygon of H by In this paper we prove The statement (2) is an extension of (a special case of) a result of Rapoport and Richartz [22, Proposition 1.17] on the Newton map. The statement (1) follows from (2) and a construction of supersingular points; see Theorem 2.5 for the statement. The existence of supersingular points is well-known, at least for some special cases. We simply supply a more complete reference here.
A Newton polygon β = (β v ) v is called admissible if it arises from a quasi-polarized p-divisible O B ⊗Z p -group H satisfying ( * ). The partial order imposed on the set of admissible Newton polygons here is given by (
In other words, the associated Newton stratum with higher Newton polygon has smaller dimension. For the readers who are familiar with Shimura varieties, the admissible Newton polygons correspond exactly the elements in the image of the set B(G, µ) (e.g. in [21, Section 4]) of µ-admissible σ-conjugacy classes under the Newton map, where G is the base change to Q p of the group defining Shimura varieties and µ is the corresponding dominant minuscule coweight.
Let ∆ be the product of rational primes at which B is ramified.
where The open subset U is dense in M as it contains the ordinary locus. When B = Q, Theorem 1.2 is proved by F. Oort [16] , which plays an important role in his proof of the strong Grothendieck conjecture for the Siegel moduli space [17] : replacing U by the total space M in Theorem 1.2. See Rapoport [20, Section 5] and [21, Section 7] for further discussions. For the present cases, this result is not enough to conclude the analogue of the strong Grothendieck conjecture, as the intersection of a Newton stratum W with U is not dense in W in general [25] . Nevertheless, Theorem 1.2 concludes a few new results and improves some previous results in the type C family of Shimura varieties.
This is a weak form of the analogue of the strong Grothendieck conjecture (or called the weak Grothendieck conjecture in Oort [16] ). An immediate consequence of this is that every Newton stratum is non-empty. This proves a special case of Conjecture 7.1 in Rapoport [21] . When M is smooth, Theorem 1.4 shows that any p-adic invariant stratum arising from pdivisible groups in question is non-empty. This improves previous results on stratifications in a special case (type C) by removing the non-emptiness assumption; for example, see the main theorem (Corollary 3.1.6) in Moonen [12] . One would expect that Theorem 1.4 holds as well without the condition p ∤ ∆. This is a technical point as the proof presented here replies on an explicit deformation computation, which is more involved in the ramified cases. We hope to return to this technical issue soon.
Finally we remark that the strong Grothendieck conjecture has been proved by Bültel and Wedhorn [1] in the case of inner forms of groups U(n, 1) associated to imaginary quadratic fields at unramified primes p = 2, where the split case has been known for a long time as the Lubin-Tate formal moduli.
The paper is organized as follows. In Section 2 we construct a supersingular abelian variety with the additional structure; the basic tool is the classification of positive involutions up to conjugate. In Section 3 we show that the formal isogenies in question are determined by the Newton polygons. In Sections 2 and 3 there is no assumption of p. For the rest (Sections 4 and 5) we assume that p ∤ ∆. Using the Morita equivalence, one reduces to considering the deformation problem on local components of p-divisible groups in question. We treat the reduced local situation directly. In Section 4 we classify the Dieudonné modules, with the additional structure, with a-number one. In Section 5 we recall the Cartier-Dieudonné theory and the method of Cayley-Hamilton. Then we construct the universal deformation and compute any formal completion of any Newton stratum on the open subset U in Theorem 1.2.
An experienced reader would find that the present formulation differs a bit from the literatures [9, 22, 2, 21] . The choice is simply because it is more direct to adopt the explicit deformation theory of displays and the Cayley-Hamilton method. As the groups defining Shimura varieties treated here satisfies the Hasse principle, the translation is straightforward. earlier draft (MPI-preprint) of this paper was done during the author's stay at the Max-PlanckInstitut für Mathematik in Bonn in the 2001 Summer. He wishes to thank the Institute for the kind hospitality and the excellent working environment. One should mention that Rapoport's article [21] has been very helpful when the author reorganizes the present paper. Finally, he acknowledges the referee for his encourgements and helpful comments. §2. Construction of supersingular points
In the rest of this paper, k denotes an algebraically closed field of characteristic p. We keep the notation of the previous section. In this section we will construct a polarized supersingular abelian O B -variety of dimension g over k, where g = dn in case (a) and g = 2dn in case (b) for some positive integer n.
(2.1) We recall basic results on simple algebras over Q with involutions (cf. [10] ). Let D be a finitedimensional simple algebra with a positive involution * . Then we have (
and (L, * 1 ) is one of the following three cases:
We also have the corresponding cases for (D ⊗ Q R, * ):
for the same r, where (N, * 2 ) is one of the following
Here a →ā is the standard conjugation. . Let U (D, * ) Q denote the associated unitary group, which associates to a commutative Q-algebra R the group of R-points
Define the algebraic variety X c over Q by
Note that X c (R) = ∅ if and only if (D⊗R, ′ ) ≃ (D⊗R, * ). One has X c (Q) = ∅ and the group U (D, * ) acts simply-transitively on X c from the right. In other words, X c is a right principal homogeneous space under the group U (D, * ). Therefore it gives rise to an element [c] in
Proof. In this case, the group U (D, * ) is semi-simple and simply-connected. It follows from Kneser's theorem and the Hasse principle that 
2 . Clearly * is an involution on D. To see its positivity, first we have the following formula, for a ∈ D 1 and b ∈ D 2 ,
which is a positive form. Moreover, we have the following results:
• If one of them is of type (A), then (D, * ) is of type (A).
• If both are of type (C) or of type (BD), then (D, * ) is of type (BD).
• If one is of type (C) and the other is of type (BD), then (D, * ) is of type (C). 
§3. Formal isogenies
We keep the notation as in the previous sections. Theorem 1.1 (2) follows from the following
This means that the quasi-isogeny ϕ ∈ Hom( 
B is a division quaternion algebra over F with an involution x * = αx ′ α −1 for some α = 0 and α ′ = −α, where x → x ′ is the standard involution. Proof
Then one shows (ϕb) * λ 2 = λ 1 . This finishes the proof of Proposition 3.1. Proof. Let [H] denote the isogeny class of a p-divisible group H. We write
into the slope decomposition. The quasi-polarization sends each factor onto its dual. One has
The group J 1,λ is the algebraic group associated to the multiplicative group End B ([H 1,λ ]) × . By Hilbert's 90 theorem, H 1 (Q p , J 1,λ ) = 0. As the group J 1,1/2 ⊗ Q p is isomorphic to a product of symplectic groups, J 1,1/2 is semi-simple and simply connected. This shows H 1 (Q p , J 1,1/2 ) = 0 and completes the proof.
(3.4) Remark In the proof (3.1) we proved a fact that the fibers of the Newton map are classified by the Galois cohomology H 1 (Q p , J) for the twisted centralizer J. This result has been known due to Rapoport and Richartz [22] for general F-isocrystals with additional structures. Here we simply give an elementary presentation of this result for our special cases. Rapoport and Zink show that J is an inner form of the centralizer of sν(p) in the structure group G Q p s , where ν is the attached slope homomorphism (see [23, 1.7-1.16] for details). From this one can determine J and compute H 1 (Q p , J) as well. §4. The main theorem (4.1) In this and the next sections, F denotes, following the convention, the Frobenius operator on a Dieudonné module. Let W := W (k) be the ring of Witt vectors, and σ the Frobenius map on W . Let O be anétale extension of Z p of degree f , that is, O ≃ W (F p f ). A quasi-polarized Dieudonné O-module is a Dieudonné module M together with a non-degenerate alternating W -linear pairing (quasi-polarization) , : M × M → W such that F x, y = x, V y σ for all x, y ∈ M , and with a ring embedding ι : O → End dieu (M ) such that ax, y = x, ay for all a ∈ O, x, y ∈ M .
Let I := Hom(O, W ) be the set of embeddings. We may and do choose an identification Z/f Z ≃ I, mapping i → σ i , so that σσ i = σ i+1 .
Let M = (M, , , ι) be a quasi-polarized Dieudonné O-module over k. Denote by
the σ i -component of M, which is a free W -module of rank 2r. We have the decomposition
The summands M i , M j are orthogonal with respect to the pairing , for i = j. Conversely, a Dieudonné module together with such a decomposition and these properties is a quasi-polarized Dieudonné O-module. As M is a free O ⊗ W -module, we write 2g = rank W M and g = f r. Proof. This should be well-known to experts; we supply a proof for convenience of the reader. Consider the iteration F f of the Frobenius operator on M , which preserves each factor M i . It follows from Katz's sharp slope estimate [8] that the lowest slopes of F f on each M i are the same. Taking the exterior powers • M i , each M i has the same slope sequence for F f . Therefore M has 2r slopes with each slope of multiplicity f . 
where a i,j = 0 if i ≡ j (mod f ) and a i,j = a j,i for all i, j between 2 and g.
Proof.
We prove the following statement by induction
and if we set X i := F i X for i = 0, . . . , g − 1, then {X i , Y i } is a symplectic basis modulo p n M .
As a(M ) = 1, M/pM is generated by one element x over k[F, V ]; it is generated over k by x, F 1 x, . . . , F g−1 x, V x, . . . , V g−1 x, and F g x (or V g x). Particularly F g (M/pM ) is one-dimensional. Since the polarization is separable, it induces a perfect pairing
Thus there exists an element X ∈ M 0 such that X, F g X ≡ 0 mod p. As k is algebraically closed, we may adjust X by a scalar multiple such that X, F g X ≡ 1 mod p. This yields X, −V g X ≡ 1 mod p.
Then we have
Set
,j<r is non-degenerate mod p; we can find solutions a i ∈ W for 1 ≤ i < r such that X ′ , X jf ≡ 0 mod pW for j = 1, . . . , r − 1. Note that F i X ′ ≡ F i X mod pM . Replacing X by X ′ , we have X, F i X ≡ 0 mod pW for 0 ≤ i < g. Set X 0 := X and re-define Y i and X i by (1). Thus we have verified n = 1 of the statement (I n ).
Suppose that we have a basis {X i , Y i } satisfying (I n ), we want to find a new basis
, by p n , we get a system of linear equations mod p with coefficients Y j , X i . Therefore we can find a i , unique modulo p, such that
and
We can easily adjust the rest of Y i by adding some linear combinations of p n Y i , and get
It follows from ( * ) that F Y j = pY j+1 + g−1 i=1 pa i+1,j+2 X i for j = 0, . . . , g−2 such that a i+1,j+2 = 0 except i + 1 ≡ j + 2 mod f . That is, a i,j = 0 only when i ≡ j (mod f ). §5. Local moduli of the Newton strata (5.1) We review the method of Cayley-Hamilton developed in Oort [16] . Let M be a Dieudonné module of rank 2g. Suppose that the representative matrix of the Frobenius operator on M with respect to a basis has the following form (cf. Theorem 4.5)
where B is the g × (g − 1) matrix with entries b i+1,j = δ ij , D is the g × g diagonal matrix diag(1, p, p, . . . , p), E is the column vector (−p, 0, . . . , 0) t and C is a g × g matrix of the form 
The matrix C is the main part of the representative matrix. The assertion of this method says that the Newton polygon of M can be read off from that of the following polynomial [16, Proposition 2.7]
Suppose that every a i,j is either a unit, or sufficiently close to 0 in W . In this case the valuation of the coefficient of every X g+k (resp. every X g−k ) is ord(p i−1 a i+k,k ) (resp. ord(p i+k−1 a i,i+k )) for the smallest i such that a i+k,i (resp. a i,i+k ) is a unit. Then the Newton polygon of M is the lower convex polygon obtained by removing from the following digram the a i,j with p|a i,j
where numbers are placed on the lattices of a 2g × g box, −1 (resp. 1) is placed at (2g, g) (resp. (0, 0)).
(5.2) We recall the deformation theory of Dieudonné modules developed in Norman [13] and Norman-Oort [14] . We follow the convenient setting of [13, Section 0] and [3, Section 2, p. 1011].
Let R be a commutative ring of characteristic p. Let W (R) denote the ring of Witt vectors over R, equipped with the Verschiebung τ and Frobenius σ:
Let Cart p (R) denote the Cartier ring W (R)[F ][[V ]] modulo the relations
• F V = p and V aF = a τ ,
• F a = a σ F and V a τ = aV, ∀ a ∈ W (R).
A left Cart p (R)-module is uniform if it is complete and separated in the V -adic topology. A uniform Cart p (R)-module M is reduced if V is injective on M and M/V M is a free R-module. A Dieudonné module over R is a finitely generated reduced uniform Cart p (R)-module.
There is an equivalence of categories between the category of finite dimensional commutative formal groups over R and the category of Dieudonné modules over R. We denote this functor by D * . The tangent space of a formal group G is canonically isomorphic to D * (G)/V D * (G). 
with the notation X i±g = X i and
It is convenient to extend the notation f ℓ k and e ℓ k for all integers ℓ, k by the rule (5). We have This functor is smooth; moreover, for any local Artinian k-algebra (R, m) with residue field k there is a bijection [13] Def
Here we identify V M 0 /pM 0 with the dual (M 0 /V M 0 ) * by the pairing , . Let {(e ℓ k ) * , (f ℓ k ) * } be the dual basis for the basis {e ℓ k , f ℓ k }. We may identify (e ℓ k ) * with f ℓ k and (f ℓ k ) * with e ℓ k . Thus any homomorphism that sendsf ℓ j → t ℓ i,jē ℓ i with t ℓ i,j = t ℓ j,i ∈ m gives rise to a deformation of M 0 over R; and conversely any deformation of M 0 over R arises from such a unique homomorphism. Hence
is the universal deformation ring of M 0 .
By [13] or [14] , the universal deformation M R univ of M 0 over R univ is given by the following generators and relations:
where T ℓ i,j := (t ℓ i,j , 0, . . . ) is the Teichmüller lifting of t ℓ i,j for each ℓ, i, j.
(5.5) Let G 0 be the p-divisible group with additional structures corresponding to M 0 and G univ be its universal deformation over U := Spec R univ . Let β 0 = N P (M 0 ) and β be an admissible Newton polygon below β 0 . Denote by U ≥β the reduced closed subscheme of U whose points has Newton polygon lying over or equal to β. By the theory of Cayley-Hamilton, the closed Newton stratum U ≥β is defined by the equations t ℓ i,j whose corresponding "position" in the Oort diagram ((4) of (5.1)) is strictly below the Newton polygon β; see the discussion in Oort [16, Section 3] ; also see an example in (5.7).
From (3) of (5.1) and (6) of (5.4), it is not hard to see that the corresponding position of t ℓ k+j,j is ((r − k)f, (j − 1)f + ℓ). Put S(β) := { t ℓ i,j ; j ≤ i and the position of t ℓ i,j is higher or on β }, . Therefore, we obtain the same dimension formula as before. 
